Muon capture by a proton in heavy baryon chiral perturbation theory by Fearing, Harold W. et al.
ar
X
iv
:h
ep
-p
h/
97
02
39
4v
1 
 2
2 
Fe
b 
19
97
TRI–PP–97–5
MKPH–T–97–7
hep-ph/9702394
Muon capture by a proton in heavy baryon chiral perturbation
theory
Harold W. Fearing and Randy Lewis
TRIUMF, 4004 Wesbrook Mall, Vancouver, British Columbia, Canada V6T 2A3
Nader Mobed
Department of Physics, University of Regina, Regina, Saskatchewan, Canada S4S 0A2
Stefan Scherer
Institut fu¨r Kernphysik, Johannes Gutenberg-Universita¨t, J. J. Becher-Weg 45, D-55099 Mainz,
Germany
(February 21, 1997)
Abstract
The matrix element for muon capture by a proton is calculated to O(p3)
within heavy baryon chiral perturbation theory using the new O(p3) La-
grangian of Ecker and Mojzˇiˇs. External nucleon fields are renormalized using
the appropriate definition of the wave function renormalization factor ZN .
Our expression for ZN differs somewhat from that found in existing liter-
ature, but is the one which is consistent with the Lagrangian we use and
the one which ensures, within our approach, the nonrenormalization of the
vector coupling as required by the conserved vector current. Expressions for
the standard muon capture form factors are derived and compared to exper-
imental data and we determine three of the coefficients of the Ecker - Mojzˇiˇs
Lagrangian, namely, b7, b19, and b23.
Typeset using REVTEX
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Chiral perturbation theory (CHPT) is an effective theory for QCD that allows systematic
calculations to be performed whenever external momenta are small with respect to the chiral
symmetry breaking scale, Λχ ∼ 1 GeV. The theory was originally formulated for light mesons
only [1], but heavy baryons can also be included without sacrificing the small-momentum
expansion [2]. As for any effective theory, the Lagrangian of CHPT contains parameters
which are not determined by CHPT itself, but which can be inferred from experimental
data. Recent reviews of the vast amount of work that has been done with CHPT can be
found in Refs. [3–6].
The complete Lagrangian for a single nucleon coupling to pions and external fields up to
third order in small momenta (denoted LEckMpiN ) has only recently been constructed by Ecker
and Mojzˇiˇs [7], although calculations for specific processes had been performed earlier. In
the present work, we study muon capture by a proton with the new Lagrangian, LEckMpiN . The
form factors that appear in the muon capture amplitude have been considered previously
within heavy baryon CHPT [4,8], but not with the new Lagrangian LEckMpiN .
Our calculation gives explicit expressions for each of the muon capture form factors, in
terms of parameters that appear in LEckMpiN . We use experimental data to determine the
numerical values of the parameters, which are directly transferable to future calculations of
other processes where LEckMpiN is used. In particular, the parameters of the present work are a
subset of the ones that appear in radiative muon capture by a proton, for which interesting
results have been obtained in a recent TRIUMF experiment [9]. A study of radiative muon
capture in heavy baryon CHPT is in progress [10].
The external nucleon fields in our calculation are renormalized by defining a wave function
renormalization factor, ZN , which is the residue of the full nucleon propagator at the pole.
The derivation of ZN will be discussed in some detail, since our result differs from that of
other groups because of the different Lagrangian. We will show, however, that within our
formalism our form of ZN is the one that is necessary to ensure that the vector coupling is
not renormalized, a result required by CVC (Conserved Vector Current) theory, which of
course ultimately follows from QCD.
The muon capture reaction refers to a muon and proton with negligible relative momen-
tum, interacting to produce a neutron and neutrino,
µ+ p→ ν + n. (1)
The 4-momentum transfer in this process, q = pn − pp, satisfies
q2 = q2
∗
≡ −mµ(m
2
p −m2n +mµmp)
mp +mµ
< 0. (2)
For nonradiative muon capture, q2
∗
= −0.88m2µ and so is a small parameter in the context
of the CHPT expansion.
The general amplitude for muon capture can be parameterized as follows,
M = −iGβ√
2
u(pν)γα(1− γ5)u(pµ) ×
u(pn)
[
GV (q
2)γα +
iGM(q
2)
2mN
σαβqβ −GA(q2)γαγ5 − GP (q
2)
mµ
qαγ5
]
u(pp), (3)
2
where GV (q
2), GM(q
2), GA(q
2) and GP (q
2) are the form factors to be studied, and
Gβ√
2
=
GF cosθ√
2
=
g2W cosθ
8m2W
= (0.8030± 0.0008)× 10−5 GeV−2 . (Ref. [11]) (4)
Here mN denotes the physical nucleon mass, GF is the Fermi constant, θ is the Cabibbo
angle, and mW , gW are the mass and weak coupling constant of the W boson. (The proton-
neutron mass difference is small and will be neglected.) The so-called “second class currents”
have not been shown, and do not arise in our CHPT calculation.
With the sign conventions of Eq. (3), GA(q
2
∗
) and GP (q
2
∗
) are positive, matching the
conventional positive sign for the parameter “gA” in heavy baryon CHPT. The opposite
signs for GA(q
2) and GP (q
2) have almost always been used in non-CHPT studies of radiative
and nonradiative muon capture, (e.g. Ref. [12]) and are used in Ref. [11].
Following closely the notation of Ref. [7], the heavy baryon chiral Lagrangian is written
in the form,
LEckMpiN = L̂(1)piN + L̂(2)piN + L̂(3)piN , (5)
where the superscripts on the right-hand side denote powers in the momentum expansion.
The explicit forms of these three terms are given in Eqs. (13), (20) and (23) of Ref. [7]. L̂(1)piN
contains two parameters, F0 and gA, which correspond to the chiral limits of the pion decay
and axial-vector coupling constants, respectively. L̂(2)piN introduces seven new parameters,
labeled a1, a2 . . . , a7, two of which will appear in our calculation, plus the nucleon mass in
the chiral limit. Another 24 parameters, b1, b2, . . . , b24, arise from L̂(3)piN , and four of these
will be present in our study.
The pion field of Ref. [7] will be expressed here in an exponential representation,
U = u2 = exp
[
iσaπa
F0
]
, Tr[σaσb] = 2δab . (6)
To match our O(p3) calculation with the heavy baryon Lagrangian, we will require terms
through O(p4) from the pure-meson chiral Lagrangian, and for these we use the conventions
of Gasser, Sainio and Sˇvarc [13], in particular the terms involving l3, l4 given in their Eq. (5.9).
In both the meson and baryon sectors of the Lagrangian, the charged weak gauge bosons
are included as external fields in the following manner,
ℓµ =
−gW cosθ√
2
(
0 W+µ
W−µ 0
)
, rµ = 0 . (7)
Throughout our calculation, we write the proton and neutron 4-momenta as
pαp = m0Nv
α + kαp , p
α
n = m0Nv
α + kαp + q
α, (8)
where m0N is the bare nucleon mass, i.e. the nucleon mass in the chiral limit, and α is
the Lorentz index. Any choices for vα and kαp which satisfy the on-shell conditions for the
nucleons are valid, and the verification of this reparameterization invariance [14] offers a
check on our results.
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In heavy baryon CHPT, the muon capture amplitude takes the form
M = u(pν)−igW
2
√
2
γα(1− γ5)u(pµ) i
m2W
nv(pn)X
α(q)nv(pp) . (9)
We choose to denote the general field operator appearing in the relativistic Lagrangian by
ψ(x) and for the matrix element use the Dirac 4-spinors u(p), with p being the 3-momentum,
which arise in the expansion of the free field. Similarly, Nv(x) is the heavy baryon field and
nv(p) are the heavy baryon 4-spinors. Nv(x) is obtained by making the usual heavy baryon
transformation on the Dirac field operator, i.e.,
Nv(x) = exp[im0Nv·x]1
2
(1 + v/)ψ(x). (10)
Some care must be exercised with the normalization. In matrix elements we always use
normalized spinors, uu = nvnv = 1.
The function Xα(q) in Eq. (9) has a one-particle-irreducible term and a pion pole term,
Xα(q) = Γ
(r)α
pWn(q) + Γ
(r)
ppin(q)
[
i
q2 −m2pi
]
Γ
(r)α
Wpi (q), (11)
where mpi represents the physical pion mass, and the superscript “(r)” on each of the com-
ponents means it has been renormalized individually and is finite. To the order considered
the renormalized pion propagator has the form of the free propagator, but with the physical
mass.
We will now calculate the renormalized components of Xα(q), beginning with those from
the pure-meson Lagrangian. Working to O(p4), the charged-pion, one-particle-irreducible,
unrenormalized, amputated, two-point, Green function is the sum of tree-level and one-loop
contributions, which we compute using dimensional regularization in d dimensions.
Γpipi(q
2) = i(q2 −m20pi) +
im20pi
F 20
[
2q2l4 − 2m20pi(l3 + l4) +
(m20pi − 4q2)
6(4π)2
(
R + ln
(
m20pi
µ2
))]
.
(12)
Here m0pi is the bare pion mass and R contains the divergent piece of the loop graphs,
R ≡ 2
d− 4 − 1 + γ − ln(4π) +O(4− d). (13)
Γpipi(q
2) is related to the pion self energy Σ(q2) via Γpipi(q
2) = i(q2 − m20pi − Σ(q2)). Now
to obtain the mass and wave function renormalization and the renormalized propagator we
follow standard field theory techniques as described for example in Cheng and Li [15]. Thus
we write for the full propagator, to the order to which we are working,
− 1
Γpipi(q2)
=
i
q2 −m20pi − Σ(q2)
=
i
q2 −m20pi − Σ(m2pi)− (q2 −m2pi)Σ′(m2pi)− Σ˜(q2)
. (14)
To get the last equation we have expanded the self energy about the point q2 = m2pi so that
Σ(m2pi) and Σ
′(m2pi) are respectively the value and derivative of Σ(q
2) at that point and Σ˜ is
4
zero in this particular case, but in general is the residual part which goes to zero at q2 = m2pi
at least as fast as (q2 −m2pi)2.
The physical pion mass is obtained from the condition that the propagator have a pole
at the physical mass, i.e. that Γpipi(m
2
pi) = 0, giving m
2
pi = m
2
0pi + Σ(m
2
pi) or
m2pi = m
2
0pi
[
1 +
2m2pi
F 2
(
lr3(µ) +
1
4(4π)2
ln
(
m2pi
µ2
))]
, (15)
where the parameter l3 has been renormalized to absorb the divergence using
lr3(µ) = l3 +
R
4(4π)2
, (16)
and where we have anticipated that the difference between F0 and the renormalized value
F is of higher order and have expressed all quantities in the large brackets of Eq. (15) in
terms of physical quantities.
The full propagator can now be written, to the order to which we are working, as
− 1
Γpipi(q2)
=
i
(1− Σ′(m2pi))(q2 −m2pi − Σ˜1−Σ′(m2pi))
≡ iZpi
q2 −m2pi − ZpiΣ˜
. (17)
The value of the multiplicative wave function renormalization constant Zpi is thus the residue
of the propagator at the pole (i.e. at the on-shell point) and is given by
Zpi =
1
1− Σ′(m2pi)
=
[
i(q2 −m2pi)
Γpipi(q2)
]
q2=m2pi
= 1− 2m
2
pi
F 2
[
lr4(µ) +
2
3(4π)2
R− 1
3(4π)2
ln
(
m2pi
µ2
)]
.
(18)
The parameter l4 has been renormalized using
lr4(µ) = l4 −
R
(4π)2
(19)
which we will justify below. Note that with this choice Zpi is itself not finite, which is
acceptable since, in contrast to m2pi, Zpi is not an observable.
If we define a renormalized pion field by
π(r)(x) =
π(x)√
Zpi
, (20)
then the two-point function for this renormalized field is finite,
Γ(r)pipi(q
2) = ZpiΓpipi(q
2) = i(q2 −m2pi − ZpiΣ˜) , (21)
and the propagator for the renormalized field is the negative inverse
− 1
Γ
(r)
pipi(q2)
=
i
q2 −m2pi − ZpiΣ˜
. (22)
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At O(p4) Σ˜ = 0, so that we obtain the renormalized propagator which appears in Eq. (11).
The interaction between an unrenormalized pion field and a W -boson is obtained from
tree-level and one-loop diagrams using the meson chiral Lagrangian, and is
ΓαWpi(q) =
F0
2
qαgW cosθ
[
1 +
2m20pi
F 20
l4 − 4m
2
0pi
3(4πF0)2
(
R + ln
(
m20pi
µ2
))]
. (23)
The momentum q flows from the W -boson to the pion, which is our convention for muon
capture. To get the interaction of a renormalized pion, we multiply by
√
Zpi to obtain
Γ
(r)α
Wpi (q) =
F
2
qαgW cosθ, (24)
where
F = F0
[
1 +
m2pi
F 2
(
lr4(µ)−
1
(4π)2
ln
(
m2pi
µ2
))]
. (25)
The renormalization of l4 used in Eq. (19) above is required, since F must be finite. Our
normalization is such that F = 92.4± 0.3 MeV [11].
Turning now to the nucleon Lagrangian, we use the nucleon two-point function to deter-
mine the wave function renormalization factor and the physical nucleon mass in a fashion
analogous to that used for the pion. Up to O(p3) we find, for a nucleon with four-momentum
pp = m0Nv + kp,
ΓNN(pp) = i [v·pp −m0N − Σ(pp)] = i [v·kp − Σ(pp)] , (26)
where the tiny effects of isospin splitting (proportional to md − mu) have been neglected,
and
Σ(pp) = −
k2p
2m0N
− 4a3m
2
0pi
m0N
− 3g
2
A
(4πF0)2
[
3
4
v·kp
(
m20pi −
2
3
(v·kp)2
)(
R + ln
(
m20pi
µ2
)
− 2
3
)
+
(v·kp)3
6
+ (m20pi − (v·kp)2)3/2
(
π
2
+ arcsin
(
v·kp
m0pi
))]
(27)
for (v · k)2 < m2pi. In this expression the term involving a3 is a contact term coming from
a piece of L̂(2)piN , the term with 1/(4πF0)2 comes from loop contributions and the k2p term
comes from the term in L̂(2)piN proportional to −∂2/2m0N which involves no pions. We choose
to include this as part of the interaction rather than part of the free Lagrangian and reserve
for the free Lagrangian the iv · ∂ term from L̂(1)piN .
For the determination of the physical nucleon mass mN and renormalization constant
ZN we need the mass-shell condition, p
2
p = m
2
N , and v ·pp = mN , where this second condition
is motivated by the form of the lowest order propagator, i(v · pp −m0N )−1. Both conditions
taken together are equivalent to pp = mNv which is what is usually stated in the literature.
Σ(pp) is a function of the four momentum pp and thus implicitly of v and kp. This
dependence can be written in terms of the scalar variables v · pp −mN and (pp−mNv)2. In
the vicinity of the pole at pp = mNv these two variables are respectively first and second
order in the (small) distance from the pole.
We now proceed in exactly the same fashion as done for the pion and obtain formulas
for the full nucleon propagator analogous to Eqs. (14) and (17), i.e.,
− 1
ΓNN(pp)
=
i
v · pp −m0N − Σ(pp) =
i
v · pp −m0N − Σ(mNv)− (v · pp −mN)Σ′(mNv)− Σ˜
=
i
(1− Σ′(mNv))(v · pp −mN − Σ˜(1−Σ′(mN v)))
=
iZN
v · pp −mN − ZN Σ˜
. (28)
In these equations Σ(mNv) and Σ
′(mNv) are Σ(pp) and its derivative with respect to
(v · pp −mN ) evaluated at pp = mNv, i.e. at (v · pp − mN ) = 0, and Σ˜ is the residual
which goes to zero at the pole at least as fast as (v · pp −mN )2.
The evaluation of Σ(mNv), Σ
′(mNv), and Σ˜ requires an expansion of Eq. (27) but is
relatively straightforward. To the order we are working the a3 term contributes only to
Σ(mNv) whereas the loop piece contributes to all three. Note in particular that Σ˜ is not
zero in this case. The k2p term requires some discussion however. We can use pp −mNv =
kp − (mN −m0N )v to write
k2p
2m0N
=
(mN −m0N )2
2m0N
+
(mN −m0N )
m0N
(v · pp −mN) + (pp −mNv)
2
2m0N
. (29)
The first term on the right hand side contributes to Σ(mNv) but is O(1/m3N), since as we
shall see (mN − m0N ) is O(1/mN), and so can be neglected. The second term however is
only O(1/m2N) and will contribute to Σ′(mNv). Finally the third term contributes only to
Σ˜.
One can now continue as before. The physical mass, mN , is obtained from the require-
ment that the propagator have a pole at pp = mNv, i.e. at mN = m0N + Σ(mNv), and we
find
mN = m0N
[
1− 4a3m
2
pi
m2N
− 3πg
2
Am
3
pi
2mN(4πF )2
]
. (30)
The value of the multiplicative renormalization constant ZN is obtained as the residue
of the propagator at the pole and is
ZN =
1
(1− Σ′(mNv)) =
[
i(v · pp −mN )
ΓNN(pp)
]
pp=mNv
= 1 +
4a3m
2
pi
m2N
− 9g
2
Am
2
pi
4(4πF )2
(
R + ln
(
m2pi
µ2
)
+
2
3
)
.
(31)
As in the pion case, we can now define renormalized nucleon fields,
N (r)v (x) =
Nv(x)√
ZN
, (32)
and the two-point function for these renormalized fields is finite (ZN itself is not finite).
Γ
(r)
NN(pp) = ZNΓNN(pp). (33)
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The propagator of the renormalized nucleon field is then
− 1
Γ
(r)
NN(pp)
=
i
v · pp −mN − ZN Σ˜
=
i
v · kp − (mN −m0N)− ZN Σ˜
. (34)
For our calculation the propagator is only needed within loop diagrams, and thus only
the leading term in the propagator, i/v·kp, is needed. However, the full expression, given
in Eq. (34), will be required for the nucleons in tree-level diagrams in more complicated
processes.
The expression for the renormalization factor of the nucleon commonly found in the
literature [4,16],
Z lit.N ≡ 1 +
[
dΣlit.(v·kp)
dv·kp
]
v·kp=0
= ZN − 4a3m
2
pi
m2N
+O
(
1
m3N
)
, (35)
differs somewhat from our result. The extra term we obtain originates in the (mN −m0N)
term from Eq. (29). It involves a3 by virtue of Eq. (30).
The two definitions are not equivalent to the order of our calculation, and in our formal-
ism it is ZN , not Z
lit.
N , which represents the full multiplicative renormalization function for
the propagator. Therefore
√
ZN is the factor which exactly accounts for the renormalization
of external nucleons in the calculation of a matrix element and allows us to express all matrix
elements in terms of fully renormalized and finite, one-particle-irreducible vertex functions.
One way to see this difference explicitly is to compute GV (q
2). Because the vector current
is conserved, the calculation must give GV (0) = 1 to all orders in the 1/mN expansion.
We will see that the use of
√
ZN for external nucleons in our formalism does satisfy this
constraint, whereas
√
Z lit.N does not.
The origin of this difference can be traced to a difference in the starting Lagrangian. The
Lagrangian used in Refs. [4,16] and in most previous calculations contains a term which is
transformed away using the equation of motion in the form proposed by Ecker and Mojzˇiˇs
[7]. This term generates an a3 term in ZN which just cancels the one we find. Of course
the physical results must nevertheless be the same, and in fact one finds that this term in
the Lagrangian also generates an additional a3 term in the matrix element, so that the final
result for, say, GV is the same.
Although ZN is in itself not measurable, it does affect measurable quantities. Thus one
must always work within a consistent scheme in which the matrix elements, ZN , and all
other quantities are calculated consistently from the same Lagrangian.
Clearly there is also some additional freedom in the way the finite parts of ZN are
handled, even within a consistent scheme. In principle for example one could even within
our formalism define a hybrid renormalization scheme in which Z lit.N accounts for all of the
interactions on the external lines except the one involving a3. Then in amplitudes one would
have to add the one particle reducible diagrams involving the a3 interaction on external
legs. Alternatively, all insertions on external legs could be calculated explicitly. While
not as elegant or easy to do as the standard scheme used here, either of these approaches
presumedly would lead to the same final result. Obviously a value of ZN has meaning only
when what it includes and the scheme in which it is to be used is precisely defined.
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Two more components of Xα(q) in Eq. (11) remain to be determined. The pion-nucleon
vertex, renormalized by including the multiplicative factor ZN
√
Zpi, is
Γ(r)ppin(q) =
−√2
F
gAS·q
(
1 +
4a3m
2
pi
m2N
)
−
√
2gA
8m2NF
q·(2kp + q)S·(2kp + q)
− 4
√
2
(4πF )2F
S·q m2pi
[
br17(µ)−
b19
2
− g
3
A
4
− gA
4
(1 + 2g2A) ln
(
m2pi
µ2
)]
, (36)
and the W -nucleon vertex, including the factor ZN , is
Γ
(r)α
pWn(q) =
−igW cosθ
2
√
2
Γ˜
(r)α
pWn(q), (37)
Γ˜
(r)α
pWn(q) = (v
α − 2gASα)
(
1 +
4a3m
2
pi
m2N
)
+
1
2mN
[
(2kp + q)
α + 2gAS·(2kp + q)vα + 8ia6ǫαβγδqβvγSδ
]
+
gAq
2
4m2N
Sα +
4
m2N
(
a6 − 1
8
)
iǫαβγδqβkpγSδ +
gA
2m2N
[
S·(kp + q)kαp + S·kp(kp + q)α
]
− gA
4m2N
iǫαβγδqβvγkpδ −
2q2vα
(4πF )2
[
br7(µ) +
1
12
(1 + 5g2A) ln
(
m2pi
µ2
)]
− 8m
2
pi
(4πF )2
Sα
[
br17(µ)−
gA
4
(1 + 2g2A)ln
(
m2pi
µ2
)]
− 2b23
(4πF )2
(S·q qα − q2Sα)− q
2vα
18(4πF )2
(1 + 17g2A) +
2g3Am
2
pi
(4πF )2
Sα
+
2vα
(4πF )2
[
m2pi
3
(1 + 2g2A)−
q2
12
(1 + 5g2A)
] ∫ 1
0
dx ln
(
1− x(1− x) q
2
m2pi
)
−4πg
2
Ampi
(4πF )2
iǫαβγδqβvγSδ
∫ 1
0
dx
√√√√1− x(1 − x) q2
m2pi
. (38)
We have used the standard definition,
Sα =
i
2
γ5σ
αβvβ . (39)
Notice that we have chosen to write Eqs. (36) and (38) in terms of the physical pion decay
constant and the physical masses, rather than F0 and the bare masses. The remaining
integrals in Eq. (38) can be done analytically for any value of q2, taking into account the
appropriate boundary conditions in the propagators. For example, at the muon capture
point they become∫ 1
0
dx ln
(
1− x(1− x) q
2
∗
m2pi
)
= −2 + y(q2
∗
) ln
(
y(q2
∗
) + 1
y(q2
∗
)− 1
)
, (40)
2
∫ 1
0
dx
√√√√1− x(1 − x) q2∗
m2pi
= 1 +
√√√√−q2∗
4m2pi
y2(q2
∗
) arccsc
(
y(q2
∗
)
)
(41)
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with
y(q2
∗
) ≡
√√√√1− 4m2pi
q2
∗
. (42)
The effects of renormalization on all of the parameters were studied by Ecker [17] using heat
kernel techniques. The form appropriate to the Lagrangian we use can be found in Ecker
and Mojzˇiˇs [7], Table 1. We have used their results
br7(µ) = b7 +
1
12
(1 + 5g2A)R, (43)
br17(µ) = b17 −
gA
4
(1 + 2g2A)R, (44)
plus the fact that b19 and b23 do not get renormalized. This ensures that Γ
(r)
ppin(q) and Γ
(r)α
pWn(q)
are finite and do not depend on the renormalization scale µ.
To obtain expressions for the muon capture form factors, we compare the two forms
for the amplitude, given in Eqs. (3) and (9). This comparison requires the well-known
momentum dependence of relativistic 4-spinors,
u(p) =
 mN + p/√
2mN(mN + E)
 u(0) , (45)
where E ≡
√
m2N + p
2, and also their relation to the normalized heavy baryon 4-spinors,
nv(p) =
√
2mN
mN + v · pp
(1 + v/)
2
u(p) =
[
1− k/p
2mN
+
(mN −m0N )
2mN
+
k2p
8m2N
+O( 1
m3N
)
]
u(p)
(46)
as implied by Eq. (10) and the remark about normalization following it. Eq. (46) is sufficient
to rewrite Eq. (9) in the form of Eq. (3). To reverse the procedure and rewrite Eq. (3) in the
form of Eq. (9), note that for the specific choice of vα, v0 = 1 and vi = 0 where i = 1, 2, 3,
we have nv(p) = u(0). This allows us to write, for that choice of v
α,
u(p) =
 mN + p/√
2mN (mN + E)
nv(p) =
[
1 +
k/p
2mN
− (mN −m0N )
2mN
+
k2p
8m2N
+O( 1
m3N
)
]
nv(p).
(47)
The choice of vα has no physical consequences, since the parameter kαp will adapt itself to
the chosen vα according to Eq. (8). Also in some cases the algebra becomes simpler with
the choice of a particular Lorentz frame, such as the lab frame where the muon and proton
are stationary.
Whether or not such simplifying choices are made, the results are the same and we arrive
at the following expressions for the muon capture form factors.
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GV (q
2) = 1−
(
a6 − 1
8
)
q2
m2N
− q
2
18(4πF )2
(1 + 17g2A)
− 2q
2
(4πF )2
[
br7(µ) +
1
12
(1 + 5g2A)ln
(
m2pi
µ2
)]
+
2
(4πF )2
[
m2pi
3
(1 + 2g2A)−
q2
12
(1 + 5g2A)
] ∫ 1
0
dx ln
(
1− x(1 − x) q
2
m2pi
)
(48)
GM(q
2) = 4a6 − 1− 4πg
2
AmpimN
(4πF )2
∫ 1
0
dx
√√√√1− x(1− x) q2
m2pi
, (49)
GA(q
2) = gA +
4a3gAm
2
pi
m2N
− g
3
Am
2
pi
(4πF )2
+
4m2pi
(4πF )2
[
br17(µ)−
gA
4
(1 + 2g2A) ln
(
m2pi
µ2
)]
− b23q
2
(4πF )2
, (50)
GP (q
2) =
2mµmN
(m2pi − q2)
[
GA(q
2)− m
2
pi
(4πF )2
(2b19 − b23)
]
. (51)
To set the stage for our later calculation of radiative muon capture [10] it is necessary
to evaluate parameters appearing in these expressions by comparison with other known
experimental quantities. We do this in a fashion analogous to that of Ref. [8]. To extract
numerical values for the parameters, we need only the first two terms in a q2 expansion,
GX(q
2) ≡ GX(0)
[
1 +
q2
6
〈r2〉X +O(q4)
]
. (52)
It is clear from Eq. (48) that GV (0) = 1, as required by conservation of the vector current.
The a3 term in the first line of Eq. (38) which arose from ZN just cancels the similar term
coming from the (mN −m0N ) factor of Eqs. (46) or (47) which are used in the extraction of
GV (q
2).
Neglecting the electron mass, experimental data from neutron decay [11] give GA(0) =
1.2601± 0.0025.
The value of GM(0) is related to the nucleon magnetic moments, and implies a numerical
value for a6.
κp − κn = GM(0) = 4a6 − 1− 4πmpimNG
2
A(0)
(4πF )2
(53)
where κp = 1.7928 and κn = −1.9130 are the anomalous magnetic moments [11]. This gives
a6 = 1.661± 0.004, (54)
where the error is dominated by the uncertainty in F and where we have used the average
nucleon mass and the charged pion mass in the evaluations. This is in agreement with a
recent precision determination of the L(2)piN parameters [18]. It should be noted that the
error in Eq. (54) does not contain any uncertainty relating to the convergence of the heavy
baryon expansion. For example, if we omit the last term in Eq. (53), corresponding to
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the neglect of L̂(3)piN , then the predicted value of a6 is reduced by 30%. The size of this
reduction provides some indication of the convergence of the chiral expansion, at least for
this particular quantity.
The muon capture form factors of Eqs. (48-51) are related by CVC to the familiar
electromagnetic form factors via
GV (q
2) = F p1 (q
2)− F n1 (q2) , (55)
GM(q
2) = κpF
p
2 (q
2)− κnF n2 (q2) . (56)
Also, for N = p, n
GNE (q2) ≡ FN1 (q2) +
q2
4m2N
κNF
N
2 (q
2) , (57)
GNM(q2) ≡ FN1 (q2) + κNFN2 (q2) . (58)
A simple parameterization which fits the electromagnetic data reasonably well [19] is the
dipole,
GnE(q2) ≈ 0 , GpE(q2) ≈
GpM(q2)
1 + κp
≈ G
n
M(q
2)
κn
≈
(
1− q
2
0.71GeV2
)
−2
. (59)
This dipole approximation gives
〈r2〉V = 0.41 fm2 , (60)
〈r2〉M = 0.72 fm2 . (61)
The prediction of our CHPT calculation for 〈r2〉M comes from taking the q2 expansion of
GM(q
2), as given in Eq. (49). We obtain
〈r2〉M = 2πmNG
2
A(0)
mpi(4πF )2GM(0)
= 0.523± 0.004 fm2 . (62)
The CHPT prediction for 〈r2〉M is about 30% smaller than the dipole estimate, which is not
inconsistent with our expectation for the effect of truncating the chiral expansion at O(p3),
as discussed above for a6 itself. Using the dipole prediction for 〈r2〉V as input to Eq. (48),
we can obtain a value for the parameter br7.
〈r2〉V = 3
4m2N
− 6a6
m2N
− 1 + 7G
2
A(0)
(4πF )2
− 12
(4πF )2
[
br7(µ) +
1
12
(1 + 5G2A(0))ln
(
m2pi
µ2
)]
(63)
⇒ br7(mN ) = −0.53± 0.02. (64)
Errors due to the chiral truncation or to the uncertainty in the dipole prediction for 〈r2〉V
are not shown, though in fact they are probably much larger than the other uncertainties
included.
The quantity 〈r2〉A has been measured in pion electroproduction [20],
〈r2〉A = 0.35± 0.06 fm2 (65)
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and also in antineutrino-nucleon scattering [21],
〈r2〉A = 0.42± 0.04 fm2. (66)
Some corrections to the electroproduction analysis related to non-zero pion mass actually
bring that value into much closer agreement with the neutrino scattering result [22]. With
Eq. (50) and the latter value of 〈r2〉A, we obtain an estimate of b23,
b23 = −1
6
(4πF )2〈r2〉AGA(0) = −3.1± 0.3 . (67)
In principle, b19 can now be determined from the experimental value of 〈r2〉P , which is,
however, not very precise. Instead, we observe that the pion-nucleon vertex function Γ(r)ppin(q)
is related to the renormalized pion nucleon coupling constant via
−
√
2gpiNNu(pn)γ5u(pp) = nv(pn)Γ
(r)
ppin(q)nv(pp) (68)
and proceed in a fashion analogous to Ref. [4]. Applying the same evaluation to this as was
used for the other couplings we find
gpiNN =
mN
F
(
GA(0)− m
2
pib19
8π2F 2
)
. (69)
Thus we see that b19 is related to the so-called Goldberger-Treiman discrepancy
1− mNGA(0)
FgpiNN
. (70)
Using gpiNN = 13.0± 0.1 [23], corresponding to q2 = m2pi, we find
b19 = −0.7± 0.4 . (71)
We can now evaluate Eq. (51) to obtain
GP (q
2
∗
) = 8.21± 0.09 (72)
which is in good agreement with the best value from non-radiative muon capture [24],
GP (q
2
∗
) = 8.7± 1.9 . (73)
In summary, we have computed the form factors of muon capture by a proton within
the framework of the recently derived Ecker-Mojzˇiˇs O(p3) heavy baryon chiral Lagrangian,
and extracted numerical values for some of the Lagrangian’s parameters from experimental
data. The wave function renormalization factor for nucleons appropriate to this Lagrangian
and approach was derived.
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